This paper deals with a new formulation of the scaled boundary finite element method (SBFEM) for the analysis of circular, arbitrarily laminated plates in the framework of classical laminate theory. Essential for the SBFEM is, that a domain is described by the mapping of its boundary with respect to a scaling centre. The governing partial differential equations are transformed into scaled boundary coordinates and are reduced to a set of ordinary differential equations applying a discrete form of the Kantorovich reduction method. In the case of cracked or notched structures, it is advantageous to put the scaling centre at the crack tip. Then, the SBFEM enables the effective and precise calculation of singularity orders, solving the corresponding eigenvalue problem. Although the method has been applied successfully to many problems of continuum mechanics, its application to plate bending problems is new. Numerical examples show the performance and efficiency of the method.
Introduction
The scaled boundary finite element method (SBFEM) is a new, semi-analytical analysis technique. The method was first developed by Wolf and Song for the computation of the dynamic stiffness of unbounded media (Refs. [1] , [2] , [3] ) and for elastostatics via the virtual work balance by Deeks and Wolf (Ref. [4] ). The basic feature of the SBFEM is, that a domain is described by the mapping of its boundary with respect to a so-called scaling centre. Therefore, the scaled boundary coordinates are introduced. Next, the governing equations are transformed into scaled boundary coordintates, that enables the handling of the governing equations in scaling direction in a strong form.
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In the other direction, which forms the boundary, a weak form is used, following from a finite element approximation. Provided, that the material behaves linear elastic and applying a discrete form of the Kantorovich reduction method, a set of differential equations is obtained, which can be solved in a closed-form analytical manner via the corresponding eigenvalue problem. Furthermore, a set of algebraic equations can be derived, which together with the solution of the eigenvalue problem allows the calculation of the boundary stiffness matrix K of the domain, relating the nodal displacements and the nodal forces and moments on the boundary. Finally, the displacements all over the domain can be expanded in form of a power series. This characteristic of the expansion of the displacement field enables the exact calculation of stress intensities and exponents of singular fields, if the origin of the scaled boundary coordinate system is put into the crack tip. This feature of the SBFEM makes the method especially useful for the analysis of cracked and notched structures, which was first applied by Song for the evaluation of power-logarithmic singularities at cracks and multi-material corners (Ref. [5] ). In view of composite laminates Lindemann and Becker used the method for the assessment of stress concentrations at holes in composites (Ref. [6] ). Also, Artel and Becker expanded the method for the analysis of free-edge stresses in multimaterial laminates (Ref. [7] ). Even though the SBFEM has been applied to many problems of continuum mechanics with great success, the application of the method to plate bending problems is rather unexploited. This paper provides the employment of the SBFEM to the analysis of cracks and notches in laminates with arbitrary layup in the framework of Classical Laminate Theory. The derivation of the scaled boundary finite element equation in displacements for the analysis of arbitrarily laminated composites is performed, using the virtual work principle. Numerical examples demonstrate the accuracy and efficiency of the method's application to the analysis of cracks and notches in composites.
Virtual work balance
If thin laminate plates are analized, transverse shear deformations can be neglected and the kinematical assumptions of Kirchhoff hold. The virtual work balance for a laminated plate of domain Ω and boundary Γ can be expressed by the following relation, if hygrothermal and body loads are not taken into account:
Herein, in-plane displacements are denoted by u, the out-of-plane displacement is described by w. L L L ε is a differential operator, relating the strains and the displacements. The nabla operator is given by ∇ ∇ ∇. The material stiffnesses are given by D. The symbols with overbars denote stress resultants in normal and tangential directions at the corresponding boundaries.
3 Scaled boundary finite element discretisation
Approximation of geometry
Essential to the SBFEM is the scaling of a domain relative to a scaling centre S(x 0 , y 0 ), selected within the domain. The normalised radial coordinate ξ (ξ i ≤ ξ ≤ ξ e ) runs from the scaling centre (ξ = 0) to the boundary (ξ = 1), the other circumferential coordinate η describes a length along the boundary (0 ≤ η ≤ Γ). The scaled boundary and the Cartesian coordinate system are related using the transformation
Linear functions of the local boundary coordinateη are applied for the geometry shape functionsN(η). The scaling centre is located at x 0 , the coordinates of the outer boundary are related to the scaling centre using x s . For the analysis of circular composites it is more purposive, selecting a polar coordinate system as point of origin. Then, the relations between derivatives in scaled boundary coordinates and derivatives in the polar coordinate system are expressed using the Jacobi matrix:
Inverting yields the following relation:
The relation between strains and displacements in polar coordinates can be expressed using a differential operator L L L ε :
Next, the strain displacement operator L L L ε is posed in scaled boundary coordinates:
The nabla operator can be posed in a similar form:
The matricesB(η) contain only components of the inverse Jacobian, which is evaluated at the boundary (ξ e = 1) in an element-wise manner. For thin composites, shear deformations are neglected according to the assumptions of classical laminate theory. Then, the strain-displacement relations can be described using the curvatures of the midplane of the plate. Therefore, the derivatives of second order have to be formulated in scaled boundary coordinates also:
For linear geometry interpolation the following relations for theB(η)-matrices hold:
Product approximation of the displacements
The presence of second derivatives in the virtual work balance indicates, that the approximations of the displacements have to fulfill C 1 continuity requirements. It is difficult however, to ensure C 1 continuity requirements for standard FEM formulations. Furthermore, it is impossible to specify simple polynomials for shape functions ensuring full compatibility for standard FEM discretisations, when only w and its slopes are prescribed at the corner nodes (Ref. [8] ). In the SBFEM the unknown displacements are approximated as products of shape functions N(η), depending only on the boundary coordinate η, and unknown functions u 0 (ξ), w(ξ) of the scaling coordinate ξ. So the displacements can be approximated using a separable product form:
For the approximation of the inplane displacements u 0 (ξ, η) linear shape functions N u (η) are used. For the approximation of the out-of-plane displacement w(ξ, η) Hermitian polynomials are used as displacement shape functions to ensure C 1 continuity all over the domain:
There exist four unknown functions of the scaling coordinate ξ at each node namely u h (ξ) and v h (ξ), describing the inplane displacements, and w(ξ) and ∂w ∂η (ξ) for the description of the out-of-plane displacement w(ξ, η).
Derivation of the scaled boundary finite element equation
The representations for the displacements are substituted into the virtual work balance. Additionally, for the virtual displacements δu 0 (ξ, η), δw(ξ, η) representations of the same kind as for the displacements u 0 (ξ, η) and w(ξ, η) are selected. Then, the internal virtual work can be expressed in scaled boundary coordinates in the following way:
Herein, the following abbreviations habe been introduced:
The integrals along the boundary are computed numerically in an element-wise manner and are assembled for the entire domain in the same way as the element stiffness matrix in the standard finite element method. For later use the following coefficient matrices are introduced:
In the further derivation, the internal work is integrated by parts twice with respect to ξ and equated with the external virtual work due to forces and moments on the boundaries:
According to the virtual work equivalence, the integrand in the integral of the internal virtual work must vanish for arbitrary virtual displacements. Additionally, the terms of the internal virtual work, which have to be evaluated at the boundaries ξ e , ξ i , have to correspond to the work of the external nodal forces and moments.These conditions have to be satisfied, so the following relations can be derived. For the determination of the unknown displacement functions an ODE-system of Euler-Cauchy type is obtained:
Eqn. (18) is the so-called scaled boundary equation in displacements. Obviously, the governing equations have been weakened in the boundary direction in a finite element manner, but still remain strong in scaling direction. Additionally, a set of algebraic equations is obtained, forming the dynamic boundary conditions:
Solution procedure
The general solution of the homogeneous ODE-system is of the form:
Substituting an ansatz of the following form in the homogeneous set of Euler-Cauchy differential equations
yields an eigenvalue problem of fourth order:
This eigenvalue problem can be solved by an eigenvalue decomposition. The general solution to the homogeneous set of Euler-Cauchy differential equations, given by Eqn.
(18), can be posed in the following form:
Herein, the quantities λ k = α k +iβ k represent pairs of conjugate-complex eigenvalues, γ = 1 ∨ γ = −1 depending whether the imaginary part of the corresponding eingenvalue is positive or negative. Ψ u1 , Ψ u2 and Ψ w1 , Ψ w2 are matrices, containing the corresponding eigenvectors and generalized eigenvectors, whereas generalized eigenvectors have to be determined by an additional Jordan transformation. Each exponent λ k and its corresponding eigenvector ψ ψ ψ k can be interpreted as an independent deformation mode. The constants c k reflect the weightings of the corresponding deformation modes due to the given boundary conditions. Kinematic boundary conditions are given by
These equations are solved for the still unknown constants c k :
Finally, these relations are substituted in Eqns. (19) and (20) and the equlibrium requirement is reduced to the form:
This relation contains the element stiffness matrix K of the domain:
Boundary conditions pose constraints at subsets of the nodal displacements w i , w e and the nodal rotations φ φ φ i , φ φ φ e and these are taken into account in the element stiffness matrix in the same manner as in the stiffness matrix of the standard finite element method. If the displacements at the boundaries are known, the constants c k can be calculated using Eqn. (26). Finally, the displacement field all over the domain can be expanded using Eqn. (24).
Examples
In the scaled boundary finite element method, three scaling cases can occur:
The first and the second scaling case describe bounded media, whereas the third case describes an unbounded medium. Due to the technical relevance, this paper deals only with the first and the second case. In the first case, at the inner boundary (ξ i > 0) an additional equivalent set of nodes exists, where static or dynamic boundary conditions can be taken into account. The solution is formed with the whole spectrum of eigenvalues. In the second case, when ξ runs from the scaling centre (ξ i = 0) to the outer boundary (ξ e = 1), only at this boundary nodal degrees of freedom exist. Then an appropriate subset of the n eigenvalues and corresponding eigenvectors, must be selected. The conditions for an adequate selection are, that the displacement w(ξ → 0) and the rotations φ φ φ(ξ → 0) have to stay finite at the scaling centre. Additionally, the sectional forces and moments have to satisfy regularity conditions at the scaling centre. Following, two small examples are presented. The examples base on isotropic circular plates. But for arbitrary laminated composites the solution proceeds in the same way. First, a circular plate in form of a sector, as depicted in Fig. 2 , is examined. The scaling coordinate ξ runs from ξ i = 0.5 at the inner boundary to ξ e = 1.0 at the outer boundary. The plate's thickness is assumed to be 1mm. For the material data, the values of steel are chosen (E = 210000 N /mm 2 , ν = 0.3). The plate is clamped at the outer boundary. The inner boundary is loaded by a transverse shear forceS = 10 N /mm. The spectrum of the exponents λ k , which is computed by the eigenvalue decomposition, is shown in Fig. 3 for a discretisation of the circular plate with five elements along the outer boundary. The real parts of the eigenvalues are posed on the abszissa, the imaginary parts are posed on the ordinate. The spectrum is symmetric to one, which corresponds to analytical solutions given in (Ref. [9] ). The symmetry axis is given as a thin solid line. There is only one eigenvalue λ 0 = 0. The corresponding deformation mode describes a rigid body motion in the thickness direction of the plate. Furthermore, there are four exponents λ 1,2,3,4 = 1. Two of them describe rotations around the x-and y-axis. Moreover, there is one exponent λ 5 = 2, which can be identified as a constant curvature state. The proper account of rigid body modes and constant curvature states is a necessary requirement for the convergence of plate bending elements. A convergence study has been undertaken to validate the results. In Fig. 4 , the maximum displacement w, which is found at the outer edge of the inner boundary, is presented for different numbers of elements. A comparison has been made to a respective displacement, which was determined by a finite element analysis with ABAQUS using triangular STRI3 elements, based on pure Kirchhoff kinematics. For the FE-analysis a very fine discretisation (30000 DOF) was applied, which converged. As can be seen from Fig. 4 , the solution of the SBFEM converges rapidly. For a discretisation with four elements, respectively fourty degrees of freedom, the relative error is already 
Circular plate in form of a sector
Cracked circular plate
As mentioned before, the SBFEM offers benefits, analysing cracked and notched structures. So, in this chapter a cracked circular isotropic plate is examined as depicted in Fig. 5 . For the material data, the same assumptions as for the circular plate in the former section are made. The thickness of the plate amounts 1mm. If the scaling centre is chosen at the crack tip, the inherent field expansion of the solution of the SBFEM enables the simple computation of exponents, causing singular stresses. Different analyses were done, where the angle γ between the surfaces of the crack respectively of the notch was varied between 0
• and 180
• . Two deformation modes can be detected, where the corresponding exponents of the series solution of the displacement w range between 1.5 and 2. Because of the fact, that the stresses are proportional to the second derivative of the displacement these two modes induce singular stresses. The exponenents of these two modes are depicted in 2−λ Figure 6 : Order of stress singularities scribes a deformation mode, which is symmetric to the crack front. So this mode can be referred to mode I cracking. The upper blue line describes a deformation of the plate, which is asymmetric to the crack front. This mode describes mode III cracking. If γ = 0 • the exponents have the same value, λ 1 = λ 2 = 1.5, what means, that at the crack tip the well-known stress singularity occurs: σ ∼ r −0.5 . If the angle γ is enlarged, the exponentes of the deformation modes, causing singular stresses, increase. And finally, at an angle of γ = 180
• the stress singularities disappear.
Conclusion
In the paper, the scaled boundary finite element method (SBFEM) is extended to the analysis of circular, arbitrarily laminated plates in the framework of classical laminate theory. The governing partial differential equations are transformed into scaled boundary coordinates and are reduced to a set of ordinary differential equations applying a discrete form of the Kantorovich reduction method. The derivation of the so called scaled boundary equations in displacements for arbitrarily laminated plates is presented. Finally, the element stiffness matrix of the domain K is derived. A circular plate in form of a sector, that is loaded by a transverse shear force, is computed. The results, obtained by an analysis of the plate with the SBFEM, are compared to a finite element reference solution. The comparison verifys the new formulation of the SBFEM for plate bending problems. The SBFEM is especially useful for the analysis of crack problems. This is demonstrated with the computation of the singularity orders of notched circular plates, where the angles between the surfaces of the notch are varied.
